We analyze theories in which a supersymmetric sector is coupled to a supersymmetrybreaking sector described by a non-linear realization. We show how to consistently couple N = 1 supersymmetric matter to non-supersymmetric matter in such a way that all interactions are invariant under non-linear supersymmetry transformations. We extend this formalism to couple N = 2 supersymmetric matter to N = 1 superfields that lack N = 2 partners but transform in a non-linear representation of the N = 2 algebra. In particular, we show how to couple an N = 2 vector to N = 1 chiral fields in a consistent way. This has important applications to effective field theories describing the interactions of D-brane world-volume fields with bulk fields. We apply our method to study systems where different sectors break different halves of supersymmetry, which appear naturally in models of intersecting branes.
Introduction
With the advent of D-branes [1] , string theory has provided new and exciting mechanisms of supersymmetry breaking. Traditionally, most semi-realistic string models were supersymmetric at the string scale and supersymmetry was broken by a field theory effect. The auxiliary field of some supermultiplet would get a vacuum expectation value in the effective supergravity theory. This gave rise to mass splittings for the supermultiplets through the super-Higgs effect. Since the discovery of D-branes, it became clear that there are phenomenologically interesting models where supersymmetry is broken by stringy effects (e.g., [2, 3, 4, 5] ). Parallel D-branes break half of the supersymmetry that is present in the bulk. The fields arising from the open string excitations, which are confined to the world-volume of the D-branes, only fill multiplets of the smaller supersymmetry algebra. Part of the supersymmetry is explicitly broken on the D-branes, since the world-volume fields lack the corresponding superpartners. Supersymmetry can be completely broken by adding anti-Dbranes, which preserve the other half of the bulk supersymmetry. Thus supersymmetry is broken in a non-local way in such models. Each sector taken separately preserves part of the supersymmetry. A very similar situation arises in models containing stacks of D-branes at angles that intersect each other (e.g., [6, 7] ). There is an extended supersymmetry on each stack of D-branes, but only a fraction of this supersymmetry is preserved at each intersection. Supersymmetry is completely broken in models where different intersections break different fractions of supersymmetry.
The field theory of such models is interesting in its own right. Supersymmetry is broken explicitly but non-locally. As a consequence, there are no mass splittings and no quadratic divergences at one-loop [7] . In the present article, we would like to study an effective field theory description of this supersymmetry breaking mechanism.
To determine the couplings of the bulk fields to the boundary fields, it is important to note that the part of supersymmetry that is broken on the D-branes is still non-linearly realized. This statement has not been rigorously proven but there is much evidence in favor of it. For concreteness, consider a single D3-brane in flat ten-dimensional space. From the space-time point of view the translational invariance transverse to the brane is spontaneously broken in the sense that the brane is located at some definite position but all possible positions have degenerate potentials [8] . Similarly, half of the supersymmetries are spontaneously broken. From the world-volume theory point of view the breaking seems to be explicit since the world-volume fields lack the superpartners that would correspond to the broken supersymmetries. However, the broken symmetries are non-linearly realized and it is easy to identify the associated Goldstone fields. In the world-volume theory, position in transverse space is parameterized by the expectation value of the six scalar fields inside the N = 4 vector multiplet. These scalars having no potential are the Goldstone bosons of broken translational invariance. Interestingly, the N = 4 vector multiplet contains just the right number of fermions to provide four goldstinos corresponding to the breaking of the original N = 8 supersymmetry down to N = 4. Let us now compactify four of the transverse dimensions on an orbifold that preserves half of the supersymmetry and place the D3-brane at an orbifold singularity. This projects out half of the fields on the D3-brane world-volume and leads to an N = 2 U(1) gauge theory. The two scalars inside the N = 2 vector are the Goldstone bosons corresponding to broken translational invariance in the two directions where the brane can still be moved. Again the goldstinos corresponding to the broken supersymmetries are the superpartners of the Goldstone bosons of translation symmetry. If we compactify all six transverse dimensions on an orbifold that preserves only a quarter of bulk supersymmetry and place the D3-brane at an orbifold singularity, then there is no modulus left that would correspond to the motion of the brane in transverse space. Indeed, there is no scalar in the N = 1 vector that survives the orbifold projection on the brane.
In a beautiful paper [9] , Bagger and Galperin have analyzed the goldstino couplings that are necessary to have non-linearly realized N = 2 supersymmetry in a manifestly N = 1 invariant U(1) gauge theory. Amazingly, the assumption that the gaugino is the goldstino of partially broken N = 2 supersymmetry implies a supersymmetric generalization of the Born-Infeld action for the U(1) vector multiplet. This is further evidence for the conjecture that the supersymmetries that are broken on the D-branes are really non-linearly realized. In this article, we use the formalism of partially broken supersymmetry developed in [9] to determine the bulk-to-boundary couplings, that is the couplings of fields on which N = 2 supersymmetry is linearly realized to fields that form non-linear realizations of N = 2 supersymmetry. 1 We apply our results to situations where different sectors break different halves of supersymmetry, but all sectors realize supersymmetry (at least) non-linearly. We call this scenario pseudo-supersymmetry.
Additional evidence for non-linearly realized supersymmetry on D-branes was pointed out by the authors of [11] (see also [12] ). They argued that consistent gravitino couplings are very constrained and that it is hard to imagine how these constraints can be satisfied without supersymmetry. For a non-supersymmetric type I string model they showed that supersymmetry broken on the D-branes is indeed non-linearly realized. One of the gauginos of the world-volume theory is a gauge singlet and has just the right couplings to be the Goldstone fermion of broken supersymmetry. In contrast to models of spontaneously broken supersymmetry, however, no description of these string models in terms of linear supersymmetry broken by some super-Higgs effect is known. The scale of supersymmetry breaking is not a tunable vacuum expectation value of some field but it is tied to the string scale. The non-linear goldstino couplings have been determined by performing a string computation in [13] .
The paper is organized as follows. In the next section we review non-linear realizations of supersymmetry. In section 3, it is shown how to couple N = 1 sectors to N = 0 sectors in such a way that all interactions are invariant under either linear or non-linear supersymmetry. We then review and generalize the formalism of non-linear realizations applied to partially broken N = 2 supersymmetry. This formalism together with the method to couple sectors of non-linear supersymmetry to sectors of linear supersymmetry are used in section 5 to determine the couplings of N = 2 multiplets to N = 1 matter. In section 6, we apply these results to a toy model of pseudo-supersymmetry. Some open questions are outlined in the outlook. Finally, our notation is explained in the appendix.
Review of non-linearly realized supersymmetry
Supersymmetry is certainly broken at low energies. It is therefore not very surprising that the non-linear realization of supersymmetry was analyzed [14, 15, 16] even before the importance of linear supersymmetry [17] was realized. Let us briefly review the formalism developed in [14, 15] in our notation.
The simplest model of non-linearly realized supersymmetry contains just one fermion, the goldstino λ g . The supersymmetry variation of the goldstino is [14] 
The constant κ has mass dimension −2. It can be interpreted as the scale of supersymmetry breaking. We use the spinor conventions of Wess and Bagger [18] .
This transformation realizes the supersymmetry algebra [15] ,
To construct an invariant action, we define [14] ω
This shows that [14] S goldstino = − 1
is invariant under the non-linear supersymmetry transformation (2.1).
The supersymmetry algebra can be realized on any field f -which may be a Lorentz scalar, spinor, vector or tensor, but we suppress all Lorentz indices for simplicity -by assigning to it the transformation law [15] 
It is convenient to introduce covariant derivatives [19] ,
To be able to generalize this to gauge covariant derivatives, we assign a transformation law to gauge fields that differs from the standard non-linear realization (2.6) but nevertheless realizes the supersymmetry algebra [20, 21] ,
This implies that the gauge covariant derivative [21] 
transforms as δ ξ (D m f ) = −κ v n ξ ∂ n (D m f ) under the non-linear supersymmetry. Finally, we define [21] F
is invariant under ( 
where L ′ is obtained from L 0 by replacing all partial or gauge covariant derivatives by the supercovariant derivatives defined above and F mn by F mn . It is easy to see that L susy transforms into a total derivative, δ ξ L susy = −κ ∂ m (v m ξ L susy ). Sometimes it is useful to consider a different non-linear realization whose action on the goldstinoλ g is defined by [22, 23] 
This transformation is related to the standard transformation through a field redefinition. One can show [19] that λ g (x m ) ≡λ g (x m + iκ 2 λ g σ mλ g ) transforms as in (2.1). We call (2.13) the chiral version of the non-linear realization (2.1) because it involves only left-handed spinors.
The action of the chiral non-linear supersymmetry on matter fields is given by
(2.14)
Non-linear realizations from linear realizations
Consider theories of the form L = L 1 +L 2 +L 12 , where the fields in L 1 have no superpartners and realize supersymmetry non-linearly, and the fields in L 2 are in N = 1 supermultiplets with a linear realization of supersymmetry. The term L 12 contains the couplings between the two sectors. We want to find the restrictions on these couplings arising from the requirement of supersymmetry. In other words, we would like to determine how to consistently couple the sector of linearly realized supersymmetry to the sector of non-linearly realized supersymmetry. Our strategy will be to find for each superfield F = (f, ψ 1 ,ψ 2 , . . .) a composite fieldf consisting of the goldstino and the components of F which, in the limit κ → 0, reduces to f , the lowest component of F . This composite field has to be chosen such that the non-linear transformation of the goldstino and the linear transformations of the components of F induce the standard non-linear realization onf . The composite fieldf can be consistently coupled to the sector of broken supersymmetry. Thus, if we know how f couples to the non-supersymmetric matter in the limit κ → 0, then the supersymmetric completion of these couplings is obtained by replacing f byf .
Coupling a chiral superfield to non-supersymmetric matter
To clarify what we mean by this, let us discuss a simple example. Consider a chiral superfield,
The supersymmetry transformations are
It is straightforward to check that the composite field
transforms precisely according to the chiral non-linear realization (2.14) if the goldstinoλ g transforms according to (2.13) . Moreover, one can verify that
where all fields in the last two lines are taken at the argument x m , transforms precisely according to the standard non-linear realization (2.6) . This shows that the components of the superfield Φ can be consistently coupled to sectors of non-linearly realized supersymmetry through the combinationφ.
Let us work out the couplings of a bulk dilaton to brane gauge fields. We consider a model where supersymmetry is completely broken on the brane and the only degrees of freedom in the effective theory are the gauge fields. The bulk is N = 1 supersymmetric and the dilaton is in a chiral supermultiplet Φ = (φ, ψ, F ). Using the above result and the formalism outlined in the previous section, it is easy to find the supersymmetric completion of the dilaton coupling term (φ + φ † ) F mn F mn . By construction,
is invariant under the non-linear supersymmetry transformations.
General formalism
It is straightforward to generalize the above result for chiral superfields to arbitrary superfields. We note that (3.4) is just the usual superspace expansion of a chiral superfield with the Grassmann variable θ replaced by −κ λ g . We will now show that this prescription is valid for any superfield. That is, from the components of an arbitrary superfield F , one can build a composite field that transforms as in (2.6) by replacing θ → −κλ g in the superspace expansion of F . This result was already discovered long ago [19] . We will rederive it here taking a slightly different approach.
Let F be an arbitrary superfield with component expansion
where the action of the supersymmetry generators Q,Q on f is defined by (ξQ+ξQ) f ≡ δ ξ f . The explicit transformation rules for the components of F are given below.
It is well known that the effect of a supersymmetry transformation acting on F is a shift in superspace [18] 
The goldstino can be viewed as a hypersurface in superspace defined by
The requirement that this hypersurface be invariant under supersymmetry transformations,
which coincides with the transformation law (2.1). The transformation of a field ϕ(x) in the goldstino background is determined by the condition that ϕ(x) be well-defined on the hypersurface (3.8), i.e., ϕ ′ (x) = ϕ(x ′ ). This implies the transformation law (2.6). Now, consider the superfield F restricted to the hypersurface (3.8),
Under an infinitesimal supersymmetry transformation it varies as
which is what we wanted to prove. It is straightforward to verify explicitly that
varies as in (3.12) using the component field variations
and the goldstino variation (2.1).
It is now clear how to couple the components of the superfield F to bosonic or fermionic fields φ i without superpartners in such a way that all interactions are invariant under the linear and non-linear supersymmetry transformations acting on F and φ i respectively. Assume that the coupling of f to the non-supersymmetric fields is of the form P
where P is some function of the fields and their derivatives. The supersymmetric completion is then obtained by replacing partial derivatives by covariant ones and f byf . That is, the
Let us now see how the chiral version of non-linear supersymmetry, eqs. (2.13), (2.14) , can be understood in this formalism. A chiral superfield Φ is a function of x L and θ only, where
In the (x L , θ) basis, the superspace expansion of Φ is simply given by
A supersymmetry transformation acting on Φ yields
where we usedQαφ = 0.
The chiral goldstinoλ g can be viewed as a hypersurface in chiral superspace defined by
which coincides with the transformation law (2.13). As a byproduct, we find the relation [23] 
. The transformation of a field ϕ(x L ) in the chiral goldstino background is determined by the condition that ϕ(x L ) be well-defined on the hypersurface (3.18), i.e., ϕ ′ (x L ) = ϕ(x ′ L ). This implies the transformation law (2.14). Now, consider the superfield Φ restricted to the hypersurface (3.18),
This is exactly the composite fieldφ L , defined in (3.3) . Under an infinitesimal supersymmetry transformation it varies as claimed above,
Coupling a vector superfield to non-supersymmetric matter
The case of a vector superfield is slightly more complicated because the supersymmetry algebra only closes up to a gauge transformation. But we can learn some interesting physics by working out the couplings of an N = 1 vector to non-supersymmetric matter.
Consider a vector superfield in the Wess-Zumino gauge
For simplicity we concentrate on an Abelian vector; the generalization to non-Abelian gauge symmetry is straightforward. The supersymmetry transformations are
The couplings of A m to bosonic fields φ i are of the form
where q i are the charges of the fields φ i . To find the supersymmetric completion of this Lagrangian, we first need to find a superfield whose lowest component is A m . This can be easily constructed by computing
From the previous subsection, we expect that the field that couples covariantly to nonsupersymmetric matter iŝ
The explicit computation of the supersymmetry variation ofÂ m shows, however, that δ ξÂm is not exactly of the form (3.12) but rather is given by
The additional second term is only at first sight unexpected. It can be traced to the fact that the commutator of two supersymmetry transformations acting on A m closes only up to a (field-dependent) gauge transformation,
The term κ v n ξ ∂ mÂn in (3.28) is not a gauge transformation, but interestingly, we find that the variation ofÂ m agrees with (2.8) up to a gauge transformation.
This allows us to build gauge covariant derivatives defining
To cancel the gauge variation ofÂ m under δ ξ , we need to modify the non-linear supersymmetry transformation of φ i from the standard form (2.6) to
A short calculation shows that the Lagrangian
is indeed invariant up to a total derivative under the above supersymmetry transformations.
Partially broken extended supersymmetry
Let us see how the formalism presented in the preceding sections generalizes to the case of non-linearly realized N = 2 supersymmetry. We are interested in situations where an N = 1 subgroup is still linearly realized, i.e., the extended supersymmetry is partially broken. Specifically, we focus on cases where the spectrum and all interactions are manifestly N = 1 supersymmetric but the N = 1 superfields have no N = 2 partners. The goldstino λ g resides in an N = 1 supermultiplet Λ g in such models. This can be a chiral [24] , a vector [9] or a linear multiplet [25] . We concentrate on the case where the goldstino is the superpartner of a U(1) gauge boson because this seems to be most appropriate for the study of supersymmetry breaking on D-branes.
An action for the goldstino superfield
We start by considering a model that only contains the goldstino and its superpartner, a U(1) gauge boson. The generalization of the goldstino transformation law (2.1) is [26] 
Λ g is a superfield with λ g as its lowest component and the star on δ * η is to remind us that we are varying with respect to the second supersymmetry. Again, it is useful to also consider a chiral version of this transformation law [26] , which generalizes (2.13),
This transformation is related to the standard transformation (4.1) through the field redefinition Λ g (x m , θ,θ) ≡Λ g (x m + iκ 2 Λ g σ mΛ g , θ,θ). Since the goldstino superfield Λ g α , where α is a Weyl spinor index, has the same lowest component as the field strength superfield W g α associated to the U(1) gauge boson, it is natural to expect that one could identify these two superfields, Λ g α ∼ W g α . This, however, can only be true to zeroth order in an expansion in powers of κ. The reason is that the transformation (4.1) is not compatible with the conditions that have to be satisfied by the field strength superfield:Dα
Note that an identification of the formΛ g α ∼ W g α is not possible either, because (4.2) is only compatible with the first but not with the second condition in (4.3).
If one insists that the goldstino is the lowest component of W g α , one has to find a transformation law for W g α which differs from (4.1) but still realizes the supersymmetry algebra and is compatible with the conditions (4.3). This transformation was determined by the authors of [9] and is given by 2
where X is a chiral superfield (of mass dimension 3), determined through the recursive relation
Using the tricks explained in [9] , this relation can be explicitly solved for X. In our notation, the result is
To verify that (4.4) realizes the supersymmetry algebra, note that one has [9] 
An immediate consequence of the X transformation law (4.7) is that
is invariant up to a total derivative under the second supersymmetry. This reduces to the usual Lagrangian for a supersymmetric gauge multiplet in the limit κ → 0. The exciting feature of the Lagrangian (4.8) is that its restriction to the bosonic terms coincides precisely with the Born-Infeld Lagrangian [27] . Indeed, it has been shown in [9] that the bosonic terms of (4.8) can be written as
The requirement of non-linearly realized N = 2 supersymmetry implies an N = 1 supersymmetric generalization of the Born-Infeld action for the goldstino superfield if we assume that the goldstino resides in a vector multiplet.
We are now in a position to give the precise relationship between W g andΛ g that transforms according to the chiral standard transformation. One can verify that the superfield
transforms as in (4.2). In terms ofΛ g , the Lagrangian (4.8) can be written as
Note thatΛ g and E L are chiral superfields, i.e.,DαΛ g β = 0 =DαE L . From (4.7), one finds that E L transforms as a chiral density under the non-linear supersymmetry transformation, 
From the transformation law (4.12) of the chiral density E L , we find that
transforms into a total derivative for an arbitrary analytic function P. This generalizes the leading order result obtained in [9] to all orders in κ.
To find a generalization of the kinetic terms d 2 θd 2θ Φ † Φ, we define
and note that Λ g transforms as the goldstino superfield (4.1) and Φ transforms as
This is the standard non-linear realization for a general superfield. A natural guess for an invariant action is 17) and the Kähler potential K(Φ, Φ † ) is an arbitrary real function of Φ, Φ † . To order κ 2 , this agrees with the Lagrangian of [9] . It is easy to check that the O(1/κ) and the O(κ) terms cancel in the variation of the Lagrangian. Whether the invariance also holds to higher orders in κ is not clear to us.
A vector superfield V can be chosen to transform according to the standard non-linear realization (4.16),
The transformation of the field strength superfield W α derived from the vector V is nonstandard and very complicated. But it is possible to construct an N = 2 covariant field strength W α that transforms according to (4.13) . This implies that
is invariant up to a total derivative.
To obtain W α , we have to introduce covariant derivatives D α ,Dα, D m that reduce to D α ,Dα, ∂ m in the limit κ → 0 and satisfy
and similarly forDα, D m . The explicit expressions for D α ,Dα, D m , as derived by the authors of [9] , are given in the appendix. It follows that
transforms according to the standard non-linear realization (4.16). (For simplicity, we concentrate on an Abelian gauge symmetry.) However, W 0 α is not gauge invariant.
To understand the reason for this, let us first see how gauge invariance is achieved for the N = 1 field strength superfield W α = − 1 4D 2 D α V . A gauge transformation acts as V → V + i(Λ − Λ † ) on the vector superfield, whereDαΛ = 0. The latter condition ensures that a chiral superfield Φ remains chiral under a gauge transformation Φ → e −iΛ Φ. Gauge invariance of W α follows from the fact thatDαΛ = 0 by using the commutation relation
Returning to the case of non-linearly realized N = 2 supersymmetry, we note that the superfield Φ appearing in (4.19) and defined in (4.15) is not an N = 1 chiral superfield in the sense thatDαΦ = 0. However, one can show [9] thatDαΦ = 0 ifDαΦ = 0. Thus, the condition on the gauge parameter Λ has to be generalized toDαΛ = 0. This guarantees that the N = 2 chirality of Φ,DαΦ = 0, is preserved under gauge transformations.
An explicit computation of the commutation relation [D 2 , D α ] using the formulae given in the appendix yields
This implies
As a consequence, W 0 α as defined in (4.21) is not gauge invariant. But
is gauge invariant and still transforms according to the standard non-linear realization (4.16) up to order κ 2 . Finally,
has the desired chiral transformation law (4.13).
Note that it is not possible to couple charged matter to the goldstino gauge multiplet. The term
is not invariant, because of the shift in V g . Here, V g is the vector superfield containing λ g , i.e., W g α = − 1 4D 2 D α V g . From the transformation of W g α , eq. (4.4), we find θ=0 . This is not a problem for D-brane models because there is no matter that is charged under the goldstino U(1) in such models. To see this, consider a stack of N D-branes. The gauge symmetry of the theory on world-volume of the D-branes is of the form i U(n i ), with i n i = N. All matter fields are in bifundamental representations, (n i , n j ), for some i, j (this is the adjoint representation if i = j). The goldstino U(1) is diagonally embedded in the D-brane gauge group, i.e., U(1) goldstino = i U i (1), where U i (1) is the trace part of U(n i ). As a consequence, all matter fields are neutral under U(1) goldstino . This general argument applies to D-branes in the bulk, which break N = 8 supersymmetry to N = 4, and to D-branes at an orbifold fixed point breaking either N = 4 supersymmetry to N = 2 or N = 2 supersymmetry to N = 1. In the case of extended supersymmetry on the Dbranes, there is more than one goldstino. The world-volume theory of a stack of N Dbranes in the bulk, for example, is an N = 4 super-Yang-Mills theory with gauge group SU(N) × U(1) goldstino . The four goldstinos inside the N = 4 U(1) multiplet correspond to the four broken supersymmetries. The argument does not apply to D-branes at orientifold singularities. But supersymmetry breaking in orientifolds is not a partial breaking since bulk and (parallel) branes have the same amount of supersymmetry in such models.
For the same reason, it is not possible to couple a chiral superfield to the goldstino gauge kinetic terms. The Lagrangian
transforms as δ ⋆ η L = 1 κ d 2 θΦW g η + 1 κ d 2θΦ †W gη , which is not a total derivative. This is puzzling because in string theory the gauge coupling constant is related to the expectation value of the dilaton and the coupling of the dilaton superfield to the brane gauge fields should be of the form (4.28).
5 Coupling N = 2 multiplets to N = 1 matter
General formalism
We now want to include fields on which N = 2 supersymmetry is realized linearly and determine their couplings to the N = 1 superfields that have no N = 2 partners. The method will be a straightforward generalization of the one discussed in section 3. We work in the extended superspace spanned by the coordinates (x, θ,θ,θ,θ). Let F be an N = 2 superfield 3 which has the N = 1 superfield F as its lowest component in theθ expansion, i.e., F = eθ S+θS F,
where S,S are the generators of the second supersymmetry and the action of S,S on F is defined by (ηS +ηS) F ≡ δ ⋆ η F . The effect of a supersymmetry transformation acting on F is a shift in extended superspace. For a transformation of the second supersymmetry, one has F ′ (x, θ,θ,θ,θ) = e ηS+ηS F (x, θ,θ,θ,θ) = F (x m − i(ησ mθ −θσ mη ), θ,θ,θ + η,θ +η).
The goldstino superfield can be viewed as a hypersurface in extended superspace defined byθ = −κ Λ g (x, θ,θ).
The requirement that this hypersurface be invariant under transformations of the second supersymmetry,
implies (for infinitesimal η)
which coincides with the transformation law (4.1). Now, consider the N = 2 superfield F restricted to the hypersurface (5.3),
The composite superfieldF reduces to F in the limit κ → 0 and transforms according to the standard non-linear realization (4.16).
It is now clear how to couple the N = 1 superfield F that is the lowest component of an N = 2 superfield F to N = 1 superfields Φ i that have no N = 2 partners in such a way that all interactions are invariant under the full N = 2 supersymmetry. If we know how F couples to the Φ i in the limit κ → 0, then the N = 2 completion of these couplings is obtained by replacing F byF .
Let us now consider the chiral version of non-linear supersymmetry. A chiral
In the (x L , θ,θ) basis, theθ expansion of Φ is simply given by
where Φ, Ψ α , F are chiral N = 1 superfields.
where we used thatSαΦ = 0.
The chiral goldstino superfieldΛ g can be viewed as a hypersurface in chiral extended superspace defined byθ = −κΛ g (x L , θ).
The requirement that this hypersurface be invariant under supersymmetry transformations, (5.12) implies (for infinitesimal η)
which coincides with the transformation law (4.2). As a byproduct, we find the relatioñ θ) . The transformation of an N = 1 chiral superfieldΦ(x L , θ) in the chiral goldstino background is determined by the condition thatΦ(x L , θ) be well-defined on the hypersurface (5.11), i.e., Φ ′ (x L , θ) =Φ(x ′ L , θ). This implies the transformation law (4.13). Now, consider the N = 2 superfield Φ restricted to the hypersurface (5.11),
which is the chiral standard non-linear transformation law (4.13).
Coupling an N = 2 vector to N = 1 multiplets
Let us work out explicitly the couplings of an Abelian N = 2 vector multiplet to N = 1 matter. An N = 2 vector can be decomposed in an N = 1 vector V and an N = 1 chiral multiplet Φ.
The field strength superfield W α = − 1 4D 2 D α V has the component expansion
The supersymmetry transformations are (see, e.g., [28] )
One finds that the supersymmetry algebra closes on Φ, but on V it closes only up to a gauge transformation,
We are interested in two different kinds of couplings. Firstly, the vector superfield V inside the N = 2 vector can couple to N = 1 chiral superfieldsΦ i . Secondly, the chiral superfield Φ inside the N = 2 vector can couple to N = 1 chiral superfieldsΦ i and to N = 1 field strength superfieldsW a α . Let us start by constructing the N = 2 completion of the N = 1 supersymmetric gauge coupling term d 2 θd 2θΦ † e VΦ . According to the general formalism, developed above, we need to compute theθ expansion of an N = 2 superfield V that has the N = 1 vector V as its lowest component. Using
we find, In the non-supersymmetric case, section 3.3, we saw that the commutation relation [δ η , δ ξ ] = −2i(ησ nξ − ξσ nη )F nm implied the transformation law δ ξÂm = −κ v n ξF nm . It is easy to generalize this to the present case. Taking into account the extra term in the commutator [δ ⋆ η , δ ⋆ ξ ] V , eq. (5.19), one finds that eq. (5.7) is modified to
whereÂ m is the coefficient of −θσ mθ in the superspace expansion ofV . This coincides with the expression forÂ m given in eq. (3.27).
We want to coupleV to N = 1 chiral multipletsΦ i that carry charges q i under the U(1) gauge symmetry of the vector V . To achieve this, we define
and modify the Φ i transformation law (4.16) to
Knowing howV and Φ i transform under the second supersymmetry, we conclude that the Lagrangian
Next, let us construct the N = 2 completion of the N = 1 supersymmetric couplings d 2 θ ΦW aW a + P(Φ,Φ i ) , where Φ is the N = 1 chiral superfield inside the N = 2 vector and P is an arbitrary analytic function. Theθ expansion of the N = 2 superfield Φ that has Φ as its lowest component is much simpler than theθ expansion of V. SinceSαΦ = 0, Φ is an N = 2 chiral superfield. One finds
This implies thatΦ is invariant up to a total derivative.
Pseudo-Supersymmetry
The formalism explained in the previous sections is well-suited to analyze a class of very interesting supersymmetry breaking scenarios that arise naturally in string theory. In models containing D-branes and anti-D-branes (e.g., [29] ) or intersecting D-branes (e.g., [7] ), different sectors of the theory break different halves of supersymmetry, thus breaking supersymmetry completely but in a non-local way. All broken supersymmetries are non-linearly realized. Such a scenario is called pseudo-supersymmetry.
Let us consider a toy model containing three sectors, a bulk sector with N = 2 supersymmetry and two boundary sectors preserving the first and second of the two bulk supersymmetries, respectively. We concentrate on cases where there is only an N = 2 vector (A m , λ (1) , λ (2) , φ) in the bulk that couples to chiral multipletsΦ (1) ,Φ (2) and gauge field strengthsW (1) ,W (2) on the boundaries. HereΦ (1) ,W (1) are chiral superfields with respect to the first supersymmetry andΦ (2) ,W (2) are chiral superfields with respect to the second supersymmetry.Φ
The N = 2 vector (A m , λ (1) , λ (2) , φ) can be either split into two N = 1 superfields with respect to the first supersymmetry. These are the vector V and the chiral multiplet Φ defined in (5.16) .
Or we can split the N = 2 vector into two N = 1 superfields with respect to the second supersymmetry.
There are two goldstino superfields Λ g and Λ ′ g in this class of models. Λ g (x, θ,θ) is associated with the breaking of the second supersymmetry and Λ ′ g (x,θ,θ) is associated with the breaking of the first supersymmetry. In complete analogy to the partially broken supersymmetry discussed above, Λ ′ g is related to the chiral superfieldΛ ′ g and the field strength superfield W ′ g through eqs. (4.15), (4.10), (4.6) after putting primes on all fields and replacing θ byθ.
To build an N = 2 invariant action, we construct chiral densities E (1) L and E (2) L from W g and W ′ g , respectively, as in (4.11), we form real densitiesÊ (1) andÊ (2) from Λ g and Λ ′ g , respectively, as in (4.17), and we define Φ (1) , Φ (2) fromΦ (1) ,Φ (2) as in (5.24) . Furthermore, we define the field strength superfieldsW (1) andW (2) that transform covariantly under the second and first supersymmetry, respectively, as in (4.24), (4.25) . Finally, we need to construct the composite superfieldsV ,Φ as in (5.22) , (5.21) , (5.28) , and similarly forV ′ ,Φ ′ . To obtainV ′ ,Φ ′ , one first computes the N = 2 superfields V ′ , Φ ′ that have V ′ , Φ ′ as their lowest component in the θ expansion and then replaces θ → −κ ′ Λ ′ g . Here, we assumed that the first supersymmetry is broken at a scale κ ′−1/2 and that Λ ′ g transforms as in (4.1) but with κ replaced by κ ′ .
It is now straightforward to write down an N = 2 invariant Lagrangian for our toy model:
where
and a, b, a ′ , b ′ are undetermined coupling constants. A non-trivial superpotential P or P ′ is possible only if either the boundary fieldsΦ (1) ,Φ (2) transform in real representations of the bulk gauge symmetry or if there are several oppositely charged fields on each boundary.
It is interesting to note that the interactions (6.5) preserve a U(1) R subgroup of the SU(2) R symmetry that is present in the N = 2 theory. Under this U(1) R symmetry the fields carry charges as shown in table 1. This implies that the superfields V , Φ,
L andÊ (i) all have R-charge 0, the superfields Λ g ,W (1) , W have R-charge 1 and the superfields Λ ′ g ,W (2) , W ′ have R-charge −1. (1) , λ (2) ) and the boundary gauginosλ (1) ,λ (2) . This toy model is very similar to open string models of intersecting D-branes. Consider three stacks of D-branes at angles that intersect each other. Choose one of the stacks, say the third, and call it the bulk sector. Imagine that an orbifold compactification breaks supersymmetry down to N = 2 on each of the three stacks of D-branes, when considered separately. But only the first supersymmetry is preserved at the intersection of first with the third stack, and only the second supersymmetry is preserved at the intersection of the second with the third stack. These intersections are the boundary sectors of our toy model. In models of intersecting branes, all gauge fields live in the bulk and the chiral matter fields are confined to the intersections. Thus a = b = a ′ = b ′ = 0 in such models.
Supersymmetry is completely broken in the toy model described by the above Lagrangian because L 1 and L 2 preserve different halves of the bulk N = 2 supersymmetry. What makes this supersymmetry breaking scenario very interesting is that any two of the three subsectors L 1 , L 2 , L bulk are supersymmetric when considered separately from the third sector. That is obvious for L 1 + L bulk and L 2 + L bulk . For L 1 + L 2 , one has to set all bulk fields to zero and substituteθ → θ in L 2 . As a consequence, only interactions that involve fields from all three sectors can generate mass splittings for the components of the supersymmetric multiplets. Such interactions only arise at two loops [7] . This implies that the supersymmetric nonrenormalization theorems still apply at one loop. Thus there are no mass splittings and no quadratic divergences at one loop. The scalar masses squared arising at two loops are expected to be ∼ (g/4π) 4 M 2 , where g is the gauge coupling of the bulk vector and M is the cut-off scale of the effective field theory. 4 A non-vanishing vacuum energy oly arises at three loops. This is similar to a two-site moose model studied in [31] .
The fermion masses are protected to all orders in perturbation theory by the U(1) R symmetry mentioned above. Generically, this U(1) R is broken down to a discrete subgroup by a quantum anomaly, but this discrete subgroup suffices to forbid fermion mass terms (assuming they are not already present at tree-level). However, the U(1) R is broken explicitly, when the model is coupled to gravity. This is because the supercurrents corresponding to the two supersymmetries do not have well-defined R-charges in the goldstino background. The supercurrents are polynomials in the fields and their first derivatives. It turns out that different terms in these polynomials have different R-charges. To see this, first consider the sector L 1 + L bulk . Note that the goldstino transformation law (4.1) is only compatible with the charge assignments of table 1 if we assign R-charge 1 to the supersymmetry variation parameter η whereas the vector transformation law (5.18) is only compatible with the charge assignments of table 1 if we assign R-charge −1 to the supersymmetry variation parameter η = ξ (2) . This apparent mismatch is not a problem as long as we deal with global supersymmetry. However, supergravity corrections include a term M −1 Pl ψ (2) m S (2)m , where ψ (2) m is the second gravitino and S (2)m is the Noether current associated with the second supersymmetry. From the definition of the supercurrent,
it is clear that S (2)m has no well-defined R-charge if η has no well-defined R-charge.
Interestingly, there is still an unbroken / Z 4 -symmetry that protects the fermions from acquiring masses. Under this / Z 4 , all fields except Λ g and Λ ′ g have charges as in table 1. The charges of the goldstino superfields are flipped, i.e., Λ g has charge −1 and Λ ′ g has charge 1. This implies that the Lagrangian (6.4) is / Z 4 -invariant. It is easy to see that the supercurrents have well-defined / Z 4 -charges (S (1)m : −1, S (2)m : 1) and that all interactions, including the coupling to supergravity, are / Z 4 -invariant if we assign charge 1 to ψ (1) m and charge −1 to ψ (2) m . Naively, one would expect that the second gravitino acquires a mass by eating the first goldstino. Indeed, the coupling of the the second gravitino to the second supercurrent,
But it is not possible to eliminate the goldstino degrees of freedom by shifting the gravitino field appropriately (see, e.g., [32] ),
The reason is that there is no mass term for λ g . The goldstino remains massless even when coupled to supergravity. 6 Another way to see this is by considering the sector L 1 + L bulk , which has unbroken N = 1 supersymmetry. The goldstino must remain massless because it is the superpartner of the massless U(1) gauge boson. This has the surprising consequence that the second gravitino, too, remains massless. Similarly, one finds that the first gravitino does not acquire a mass. Higher loop diagrams involving fields from all three sectors invalidate this argument and most probably will generate gravitino masses. Since the goldstinos are neutral under the bulk gauge symmetry, possible diagrams contributing to goldstino masses only arise at three loops. The first contribution to the vacuum energy appears at the same loop order. This leads to a vacuum expectation value for one of the auxiliary fields of the gravity multiplet, which cancels the vacuum energy term. This vacuum expectation value breaks the abovementioned / Z 4 -symmetry and generates gravitino masses.
Conclusions and outlook
We have developed a formalism to study effective field theory descriptions of pseudo-supersymmetry. This is a supersymmetry breaking mechanism that naturally arises in many open string models. Typically, such models contain a bulk sector with extended supersymmetry and boundary sectors that break different fractions of the bulk supersymmetry. But the complete supersymmetry is still non-linearly realized. We have shown how to consistently couple N = 2 supersymmetric multiplets in the bulk to N = 1 matter on the boundaries. For a pseudo-supersymmetry toy model containing an N = 2 vector in the bulk, we have computed explicitly the goldstino couplings. One interesting result is that gravitino masses arise only at three loops.
There are several interesting directions for further research. First, it is a straightforward exercise to apply the formalism of this article to concrete D-brane models and to compute explicitly the scalar masses arising at two loops.
Second, it is important to understand the coupling to supergravity in more detail. This was only sketched very roughly in the previous section. Most probably, one would gain new insights by generalizing the partial supergravity breaking of [32] to local pseudo-supersymmetry. It is also interesting to analyze the mechanism that breaks the / Z 4 -symmetry and generates gravitino masses.
Finally, the coupling of bulk hyper multiplets to boundary gauge multiplets is not discussed in this paper. It would certainly be very interesting to determine these couplings. For a hyper multiplet Φ = (Φ 1 , Φ 2 ), where Φ 1 , Φ 2 are chiral multiplets, it is easy to construct a composite superfieldΦ 1 that transforms linearly under the first and non-linearly under the second supersymmetry. However,Φ 1 is not a chiral superfield and therefore cannot be consistently coupled to the gauge-kinetic terms of the boundary sector. It is well-known [33] that in linear N = 2 supersymmetry, it is not possible to couple hyper multiplets to the gauge kinetic terms of vector multiplets. The results of the previous sections seem to suggest that it is not even possible to couple components of hyper multiplets to gauge kinetic terms if the second supersymmetry is non-linearly realized. This leads to a puzzle. In N = 2 supersymmetric type II string vacua, the dilaton resides in a hyper multiplet. If there are D-branes, then the dilaton couples to the gauge-kinetic terms on their world-volume. It is not clear how this coupling can be rendered non-linearly N = 2 invariant. From (A.16), we find
Integration of Grassmann variables and derivation with respect to them is essentially equivalent. Normalizing the Grassmann integral measure such that d 2 θ θθ = 1, one has
A chiral superfield Φ(x, θ,θ) is defined by the conditionDαΦ = 0. Its complex conjugate is an antichiral superfield, i.e., D α Φ † = 0. For a chiral superfield The N = 2 covariant derivatives introduced on page 13 are given by [9] D α = D α + iκ 2 D α Λ g σ mΛ g + D αΛgσ m Λ g D m ,
Dα =Dα + iκ 2 Dα Λ g σ mΛ g +DαΛ gσ m Λ g D m ,
where ω n m is a generalization of (2.3) to the case of partially broken N = 2 supersymmetry, ω n m = δ n m − iκ 2 ∂ m Λ g σ nΛ g + ∂ mΛgσ n Λ g . (A.25)
These are derivatives with respect to the first (linearly realized) supersymmetry but they are covariant with respect to the second (non-linearly realized) supersymmetry in the sense that they satisfy (4.20) . They generate the following algebra [9] {D α , D β } = 2iκ 2 D α (Λ g σ m )˙γD βΛγ g + D β (Λ g σ m )˙γD αΛγ g D m ,
{D α ,Dβ} = −2i σ m αβ D m + 2iκ 2 D α (Λ g σ m )˙γDβΛ˙γ g +Dβ(Λ g σ m )˙γD αΛγ g D m ,
[D α , D m ] = 2iκ 2 D α (Λ g σ n )˙γD mΛγ g + D m (Λ g σ n )˙γD αΛγ g D n .
(A.26)
Due to the fact thatΛ g is an N = 1 chiral superfield, which is equivalent to the condition [D α , D m ] = 2iκ 2 D α (Λ g σ n )˙γD mΛγ g D n .
(A.28)
